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Task 1 (20 points) (Bessel Functions I) Verify the two asymptotic relations

Jm(x)→ xm

(2m)!!
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)
(x→∞) , (1)

by way of example, using graphical and numerical computer algebraic programs of your choice, choosing
for m suitable integer values (perhaps, not too large), and for x > 0 regions with x� m and x� m.

Task 2 (20 points) (Bessel Functions II) Verify the recursion relations

Jm−1(x) + Jm+1(x) =
2m

x
Jm(x) , (2a)

Jm−1(x)− Jm+1(x) = 2J ′m(x) , (2b)

by way of example, using graphical and numerical computer algebraic programs of your choice, choosing
for m suitable integer values (perhaps, not too large), and for x > 0 regions with, perhaps, x ∼ m.

Task 3 (20 points) (Spherical Bessel Functions I) Verify the two asymptotic relations

j`(x)→
x`

(2`+ 1)!!
(x→ 0) , j`(x)

x→∞→ 1
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)
(x→∞) , (3)

by way of example, using graphical and numerical computer algebraic programs of your choice, choosing
for n suitable integer values (perhaps, not too large), and for x > 0 regions with x� ` and x� `.

Task 4 (20 points) (Spherical Bessel Functions II) Verify the recursion relations

j`−1(x) + j`+1(x) =
2`+ 1

z
j`(z) , (4a)

` j`−1(x)− (`+ 1) j`+1(x) = (2`+ 1) j′n(x) , (4b)

by way of example, using graphical and numerical computer algebraic programs of your choice, choosing
for n suitable integer values (perhaps, not too large), and for x > 0 regions with, perhaps, x ∼ `.
Task 5 (20 points) (Laplace and Helmholtz EquationsWrite an essay on the two questions: (i) How
does the ordinary Bessel function enter the solution of the Laplace equation in cylindrical coordinates?
(ii) How does the spherical Bessel function enter the solution of the Helmholtz equation in spherical
coordinates?

The tasks are due Thursday, 18–NOV–2021.


